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Measure the temperature of the spin via weak measurement
Yusuf Turek1, ∗
1School of Physics and Electronic Engineering, Xinjiang Normal University, Urumqi, Xinjiang 830054, China
In this study, we give a new proposal to measure the temperature of the spin in a sample in mag-
netic resonance force microscopy system by using postselected weak measurement, and investigate
the fisher information to estimate the precision of our scheme. We showed that in high temperature
regime the temperature of the spin can be measured via weak measurement technique with proper
postselection and our scheme able to increase the precision of temperature estimation.
PACS numbers: 03.65.Ta, 42.50.-p,06.20.Dk,05.70.-a
I. INTRODUCTION
Measurement is a basic concept in physics and any
information of the system can be obtained from the mea-
surement. Unlike the classical measurement, in most of
the quantum measurement processes the information of
the system only can be obtained or estimated by us-
ing indirect measurements. Using quantum measurement
terminology, in a quantum measurement process, there
have an interaction between measuring device (probe)
and measured system, and for guarantee the measure-
ment precision the interaction time must be very short
so that the system and the probe itself doesn’t effect the
results of measurements. In mathematics, these require-
ments of quantum measurement can be expressed by von
Newmann Hamiltonian H = gAˆ ⊗ Pˆ [1]. Here, Aˆ is the
operator of measured system we want to measure, Pˆ the
canonical momentum of measuring device, and g repre-
sent the measuring strength. If the interaction strength
between the system and the probe is strong, i.e. g ≫ 1,
we can get the information of the system by single trial
with very small error, the Stern-Gerlah experiment is a
typical example. In contrast, if the interaction strength
between probe and system is very small, i.e. g ≪ 1, there
have still interference between different eigenvalues of the
system observable we want to measure, and after single
trial we can not obtain the information of the system
precisely.
However, the weak measurement, as a generalized von
Neumann quantum measurement theory, was proposed
by Aharonov, Albert, and Vaidman in 1988 opens a new
route to measure the system information in weak cou-
pling measurement problems[2]. In weak measurement
technique, the coupling between the pointer and the mea-
sured systems is sufficiently weak,and the obtained infor-
mation by single trial is trivial, but using its inherent
feature one can get enough information as precisely as
possible[3]. One of the distinguished properties of weak
measurement compared with strong measurement is that
its induced weak value of the observable on the measured
system can be beyond the usual range of the eigenvalues
∗ yusufu1984@hotmail.com
of that observable[4]. The feature of weak value usu-
ally referred to as an amplification effect for weak sig-
nals rather than a conventional quantum measurement
and used to amplify many weak but useful information
in physical systems[5–7]. So far, the weak measurement
technique has been applied in different fields to investi-
gate very tiny effects, such as beam deflection[8–13], fre-
quency shifts[14], phase shifts[15], angular shifts[16, 17],
velocity shifts[18], and even temperature shift[19]. Fur-
thermore, it has been applied to solve some fundamentals
of quantum physics such as quantum paradoxes(Hardy’s
paradox[20–22] and the three-box paradox[23]), quan-
tum correlation and quantum dynamics[24–29], quan-
tum state tomography[30–35], violation of the gener-
alized Leggett-Garg inequalities[36–41] and the viola-
tion of the initial Heisenberg measurement-disturbance
relationship[42, 43],etc.
We know that temperature is a basic concept in ther-
modynamics and most of the properties of a matter is
directly related with its temperature. According to the
thermodynamics the temperature is an intensive quantity
and independent to sample’s volume and mass. Thus,
it is possible to measure the temperature of nanoscale
objects which inserted in large sample. The motion of
nanoscale objects obey the quantum mechanics and with
the recent progress to manipulation of individual quan-
tum systems, it has been possible to temperature read-
ings with nanometric spatial resolution[44–46]. Quan-
tum thermometery also applied to precisely estimate
the temperature of fermonic[47, 48] and bosonic[49, 50]
hot reservoirs, micromechanical resonators[51–53] and
nuclear spins[54]. The nanoscale system is too fragile
and measuring the temperature of such systems requires
that the measurement process should not disturb them
to much while keeping the high measurement precision.
Furthermore, as investigated in previous studies[7], the
weak measurement almost doesn’t destroy the measured
system and can get the desired system information via
statistical techniques with high precision. Thus,here rais-
ing an intriguing question as to whether one can measure
the temperature of nanoscale objects by using postse-
lected weak measurement technique. In recent study[55],
they investigated the method to measure the tempera-
ture of a bath using the postselected weak measurement
scheme with a finite dimensional probe, and anticipated
2more applications of post weak measurement method in
thermometry.
In this paper, motivated by the previous study[55], we
investigate to measure the temperature of nanoscale sys-
tem(spin) which inserted in large thermal reservoir by
using postselected weak measurement. We assume that
there have a weak interaction between spin and can-
tilever in magnetic resonance force microscopy(MRFM)
system[56]. We show that the temperature of the spin
which stayed in hot reservoir with termpreature T , can
be measured by postselected weak measurement tech-
nique with proper postselected states of the spin, and
the weak value can be read out from optical experimental
processes. In temperature estimation process the fluctu-
ation always exists due to the indirect measurement, but
the quantum estimation theory provides the tool to eval-
uate lower bounds to the amount of fluctuations for a
given measurement. To investigate the precision of our
method, we evaluate the fisher information(FI) for the
estimation of temperature via postselected weak mea-
surement. We found that in high temperature regime
the FI is more larger than unity with proper postselected
states of the spin, and this enable us to show that postse-
lected meak measurement method is indeed cane be used
in temperature estimation process in MRFM system with
high presicion.
The rest of the paper is organized as follows. In Sec.
II, we give the setup for our system. In Sec. III, we
give the details how to measure the temperature of a
spin via postselected weak measurement. In Sec. IV,
we investigate the Fisher information to investigate the
precision of our scheme.We give a conclusion to our paper
in Sec. V.
II. MODEL SETUP
As illustrated in Fig.1, two ends of a cantilever used
in MRFM is fixed and a small ferromagnetic particle is
attached at the middle of the cantilever[56]. The force
produced by a single spin on the ferromagnetic parti-
cle effects the parameters of the mechanical vibrations of
the cantilever. There have a external permanent mag-
netic field Bext directed in the z direction exerts on the
spin and a ferromagnetic particle attached on the mid-
dle of the cantilever also exerts a gradient dipole mag-
netic field produced by the ferromagnetic particle on
the spin ∂Bd/∂z with Bd =
2
3µ0M0(
R0
R0+d+z
)3, where
µ0 is the permeability of the free space, d is the dis-
tance between the bottom of the ferromagnetic particle
and the spin is initially at equilibrium position(z = 0),
R0 and M0 are the radius and magnetization of the
ferromagnetic particle,respectively. The spin also ex-
posed to the transversal frequency modulated rf magnetic
field ~B1(t) = B1 (cos(ωt+ φ(t)), sin(ωt+ φ(t)), 0) in x −
y plane. The motion of the cantilever with ferromagnetic
particle can be modeled as a simple harmonic oscillator
with effective mass m and frequency ωc. we can express
Figure 1. (Color online) The setup of our scheme. A spin and
the cantilever are coupled with each other by a tiny ferromag-
netic particle attached to the middle of the cantilever. d is
the distance between the bottom of the ferromagnetic particle
and the spin at equilibrium position, z = 0.
the oscillation position z of the cantilever with creation
and annihilation operators aˆ and aˆ† by zˆ = σ(aˆ+aˆ†), with
σ =
√
~/2mωc. In the rotating system coordinates(RSC)
the Hamiltonian of this system can be written as[56]
H = ~ωcaˆ
†aˆ+ ~ωzSˆz + ~ωRSˆx − ~gSˆz ⊗ zˆ. (1)
Here, ωR = γB1, ωz = γB0 − ω −
dφ
dt
, g = γ ∂Bd
∂z
, γ is
the gyromagnetic ratio and B0 = Bext + B
(0)
d is the to-
tal magnetic field on the spin when z = 0 in z direction,
and the gradient of the dipole field ∂Bd/∂z is taken at
the spin location when z = 0. Sˆz,xare defined by Pauli
operators Sˆx →
1
2 σˆx and Sˆz →
1
2 σˆz, respectively. As
we can see, our coupling system Hamiltonian consists of
three parts(see Eq.1); first term represents the motion
of cantilever, middle two terms describes the spin sys-
tem and we denote with Hs, and the final term describes
the interaction of spin and cantilever, and we denote it
with Hint. According to the technique of MRFM, if the
frequency of the spin oscillations matches the resonance
frequency of the cantilever vibrations, the spin force will
amplify the vibrations of the cantilever and its motion
can be detected by optical methods[56]. In this study,
we will focus on to measure the temperature of the sin-
gle spin which stayed in reservoir with temperature T in
MRFM system. Hereafter, in this paper we use the unit
~ = 1.
III. MEASURE THE TEMPERATURE OF THE
SPIN
As given in Eq.(1), the interaction Hamiltonian be-
tween the system(spin) and pointer(cantilever) is given
by the standard von Neumman Hamiltonian[4]
Hini = −gSˆz ⊗ zˆ (2)
Here, g is a coupling coefficient between spin and can-
tilever, and its value depends on gyromagnetic ratio γ
and the gradient magnetic field at the spin position pro-
duced by ferromagnetic particle. zˆ =
∫
z|z〉〈z|dz is
3the position operator,while the conjugate momentum op-
erator is pˆ =
∫
p|p〉〈p|dp where [xˆ, pˆ] = iIˆ. We con-
sider the spin as system and cantilever as measuring de-
vice(pointer) to measure the temperature of the spin. We
assume that initially the system (spin) is in a heat bath
with temperature T , and reached the thermal equilib-
rium state ρs = e
−βHs/T r(e−βHs). Here β = 1/kBT ,
kB is Boltzmann constant and it taken as unity hereafter.
We assume that the initial state of measuring device and
system are prepared as φ(z) = 〈z|φ〉 and ρ(0) = ρs, re-
spectively. Then, under the action of unitary evolution
operator U(t) = exp(−i
∫ t
0
Hinidτ), the initial state of
total system ρ(0) = ρs ⊗ |φ〉〈φ| will be evolved to
ρ(t) = U †(t)ρ(0)U(t). (3)
This is the state of the total system after interaction,
but we only interested on final state of measuring de-
vice(cantilever) which contains system information. If
we assume that the interaction strength g is very small
, then it is enough to consider the expansion of unitary
operator up to its first order, and Eq.(3) becomes as
ρ(t) ≈ ρs ⊗ |φ〉〈φ| + igt
[
Sˆz ⊗ zˆ, ρs ⊗ |φ〉〈φ|
]
. (4)
According the standard terminology and procedure of
weak measurement theory, if we choose the state |ψf 〉
as the final state of the spin, and project it onto the to-
tal system state, Eq.(4), it gives the unnormalized final
state of measuring device as
φ(t) ≈ 〈ψf |ρs|ψf 〉e
igtSˆw zˆ|φ〉〈φ|e−igtSˆw zˆ. (5)
Here,
Sw=
〈ψf |Sˆzρs|ψf 〉
〈ψf |ρs|ψf 〉
(6)
is the weak value of spin z component and it related to
the initial state of the spin which reached thermal equi-
librium with a heat bath with temperature T . As can see
from Eq.(5) and Eq.(6), we can deduce the spin temper-
ature by properly choosing the final state|ψf〉. However,
we have to note that |ψf 〉 cannot be eigenstate of op-
erator Sˆz, otherwise the temperature will not related to
the weak value and our scheme will lose its validity to
measure the temperature of the spin.
To read the temperature of the spin system, next we
will study the property of weak value of spin operator Sˆz
by assuming that it in the hot bath with high tempera-
ture, i.e. β ≪ 1. Furthermore, we assume that the eigen-
values of Sˆx and Sˆy are ǫmand εm, and the corresponding
eigenstates are |ψm〉 and |ϕm〉, i.e.,Sˆx|ψm〉 = ǫm|ψm〉 and
Sˆz|ϕm〉 = εm|ϕm〉, respectively. Then, the weak value of
the spin z component can be rewritten as
Sw =
〈ψf |Sˆze
−βHs |ψf 〉
〈ψf |e−iβHs |ψf 〉
=
∑
n,m e
−β(ωzεn+ωRǫm)〈ψn|φm〉〈ψf |Sˆz|ψn〉〈φm|ψf 〉∑
n,m e
−β(ωzεn+ωRǫm)〈ψn|φm〉〈ψf |ψn〉〈φm|ψf 〉
=
〈ψf |Sˆz|ψf 〉 − β〈ψf |SˆzHˆs|ψf 〉
1− β〈ψf |Hˆs|ψf 〉
. (7)
During the derivation of Eq.(7), we use e±x ≈
1 ± x, (x ≪ 1), and completeness of the basis
|ψm〉, |ϕm〉,i.e.
∑
m |ψm〉〈ψm| =
∑
m |ϕm〉〈ϕm| = 1.Since
(1− x)−1 ≈ 1− x, (x≪ 1), we can rewrite the Eq.(7) as
below
Sw =
[
〈ψf |Sˆz|ψf 〉 − β〈ψf |SˆzHˆs|ψf 〉
] (
1− β〈ψf |Hˆs|ψf 〉
)
.
(8)
From this relation, we can express the temperature pa-
rameter β by using the weak value Sw as
β =
Sw − 〈Sˆz〉
Conv(Sz , Hs)− 〈ψf |SˆzHˆs|ψf 〉
, (9)
where Conv(Sz , Hs) = 〈Sˆz〉〈ψf |Hˆs|ψf 〉 and 〈Sˆz〉 =
〈ψf |Sˆz|ψf 〉, respectively. From Eq.(9) we can see that
since the value of 〈Sˆz〉 and Conv(Sz , Hs) can be find by
using postselection |ψf 〉, if we can find the value of Sw,
then the temperature of the spin can be estimated very
easily. For example, if we take |ψf 〉 =
1√
2
(|ψ1〉 + |ψ2〉),
then Eq.(9) reduced to
β =
2(1− 2Sw)
ωR + 3ωz
. (10)
From the above theoretical results we can deduce that
the estimation of spin in MRFM system depends on the
postselected weak value. Thus, in the remaining part of
this section we will discuss the possibility to find the weak
value of our scheme. We can assume that the motion
of the cantilever can be described by simple harmonic
oscillator, and its initial state can be written as
φ0 (z) = 〈z|0〉 =
(
1
2πσ2
) 1
4
exp
(
−
z2
4σ2
)
(11)
where σ is the width of the oscillation beam. The nor-
malized final state of the cantilever after postselection,
i.g. Eq.(5), can be written as
|φf 〉 = κ[|0〉+ ig0Sw|1〉], (12)
where g0 = gtσ, κ = (1 + g
2
0 |Sw|
2)−
1
2 and we the φ0(z) =
〈z|0〉 and φ1(z) = 〈z|1〉 represent the ground and first
excited states of catilever, respectively. The expectation
values the position and momentum operators under the
final state of the catilever |φf 〉 can be calculated as
〈z〉 = −2σg0κ
2ℑSw (13)
4and
〈p〉 =
κ2g0
σ
ℜ(Sw) (14)
respectively. According to the results of recent studies[57,
58], we can measure the real and imaginary parts of
the weak values with optical experiments. Thus, in our
scheme the temperature of spin can be measured in the
Lab with proper optical experimental setups.
IV. PRECISION OF OUR SCHEME
Fisher information is the maximum amount of infor-
mation about the parameter that we can estimate from
the system. For a pure quantum state |φ〉, the quantum
fisher information estimating the parameter β is
F (β) = 4[〈∂βφ|∂βφ〉 − |〈φ|∂βφ〉|
2], (15)
where the state |φ〉is the normalized final state of the can-
tilever, i.e. Eq.(12). The variance of unknown parameter
△β is bounded by the Cramér-Rao bound
V ar (β) ≥
1
NF (β)
, (16)
where N is the number of measurements. From this def-
inition of variance of parameter β, we can see that the
Fisher information set the minimal possible estimate for
parameter β, while higher Fisher information means a
better estimation. As the variance of β is inverse pro-
portional to the measurement time, we consider N = 1
throughout this paper.
We investigate the variation of quantum Fisher
information for different postselected states
|ψf 〉 = cos
θ
2 | ↑〉+ e
iϕ sin θ2 | ↓〉 where θ ∈ [0, π], ϕ ∈
[0, 2π), and | ↑〉 and | ↓〉 are eigenvector of the spin
operator Sˆz with corresponding eigenvalues +
1
2 and −
1
2 ,
respectively. Our numerical results in Fig.2 and Fig.3
show that the quantum Fisher information is higher in
high temperature regime, and phase of postselected state
also can effect of the precision of our scheme. However,
as we mentioned in this section, when the postselected
state is an eigenstate of the spin operator Sˆz, the Fisher
information become zero and our scheme lose its validity
of measure the temperature of the spin.
V. CONCLUSION
In this study, we have proposed a new scheme to mea-
sure the temperature of spin which put it in thermal bath
with temperature T by using postselected weak measure-
ment method. We find that in high temperature regime,
the precision of our proposal is high enough and can be
controlled by adjusting the parameters of postselected
0
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Figure 2. (Color online) Quantum fisher information for pa-
rameter estimation β. Here, we take φ = 0, g0 = 10
−8, ωz =
4.8× 106Hz , ωR = 3× 10
9Hz.
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Figure 3. (Color online) Quantum fisher information for
parameter estimation β with different phase of postselected
states. Here θ = pi
4
and other parameters are the same with
Fig.2.
states of the spin. Furthermore, in Ref.[59], the au-
thors studied that quantum Fisher information is higher
in postselected rather than non-postselected weak mea-
surement.Thus, even though we only consider the high
temperature regime, but in our scheme if someone use
the postselected measurement, it will show its good per-
formance in low temperature regime rather than non-
postselected measurement schemes.
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